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Note: (i) Answer all questions. (ii) B, (z9) := {2 € C: |z — z| < r}. (iil) C.(20) :={z € C:
|z — 20| =7r}. (iv) U C C open. (v) Hol(U) = {f : U — C holomorphic }. (vi) D = B4(0).
Q1. (14 marks) Prove that there is no entire function f such that

f(1>:1 (n € N).

n2) " n
Q2. (14 marks) Let f: D — C be a function. If f2, f3 € Hol(D), then prove that

f € Hol(D).

Q3. (14 marks) Let U be a convex open subset of C, and let f € Hol(U). Suppose
Real(f'(2)) >0 (2 €U).

Prove that f is injective.

Q4. (14 marks) Let U ={z€ C:|z| > 1}, and let f € Hol(U). If

A fe =0
then prove that
1
20 Joy0) @ — 2

for all & € C such that |a| > 2.

Q5. (14 marks) Let n > 2 be a natural number and let o € C. Prove that

az" 4+ 2+ 1,

has at least one root in By(0).

Q6. (14 marks) Use the residue theorem to compute

> 1
—dx.
[m1+ﬂ !

Q7. (14 marks) Let f : D — D be holomorphic, and assume that f(o) = o and f(5) = 3 for
two different numbers o and S in . Prove that

f(z) ==z (z e D).

Q8. (14 marks) Let f : D — D be holomorphic, and assume that f(£a) = 0 for some
a €D\ {0}. Prove that
£(0)] < laf
If the above is true with equality, then write down the function f explicitly.
1



